Section 10-5

NOTATION
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BASIC DIFFERENTIATION PROPERTIES

m Constant Function Rule

m Power Rule

m Constant Multiple Property

® Sum and Difference Properties
m Applications

In the preceding section, we defined the derivative of fat x as
f(x + h) = f(x)
(x) = lim—————7+
fi(x) h—0 h
if the limit exists, and we used this definition and a four-step process to find the de-
rivatives of several functions. Now we want to develop some rules of differentiation.
These rules will enable us to find the derivative of a great many functions without
using the four-step process.
Before starting on these rules, we list some symbols that are widely used to
represent derivatives.

The Derivative

THEOREM 1

If y = f(x), then
' i A
I SS i e
all represent the derivative of fat x.

Each of these symbols for the derivative has its particular advantage in certain situ-
ations. All of them will become familiar to you after a little experience.

® Constant Function Rule

If f(x) = C isaconstant function, then the four-step process can be used to show that
f'(x) = 0 (see Problem 45 in Exercise 10-4). Thus,

The derivative of any constant function is 0.

CONSTANT FUNCTION RULE

If y = f(x) = C, then :
' f'(x) =0
Also, y' = 0and dy/dx = 0.

d d
Note: When we write C' = OorEC = (), we mean that y' = -&i = 0wheny = C.

The graph of f(x) = C is a horizontal line with slope 0 (see Fig. 1), so we would expect

that f'(x) = 0.

J(x)
h

Slope =0 fly=0C

0

FIGURE 1
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EXAMPLE 1 Differentiating Constant Functions

MATCHED PROBLEM 1J

Explore & Discuss 1

. THEOREM 2

(A) If f(x) =3, then f'(x)=0. (B) If y=—14, then y' =0.
) Ity = th . G p) 23 =0
Q) Bprem bl P ()dx B -
Find
(A) f'(x) for f(x)=-24 (B) y' for y=12
© % for y=-V7 (D) 4L (~m)
—

®m Power Rule

A function of the form f(x) = x*, where k is a real number, is called a power function.
The following elementary functions (see the inside front cover) are examples of power
functions:

h(x) = 5

p(x) = Vx

flx) =x m(x) = x°
n(x) = Vix 9

(A) Ttis clear that the functions f, 4, and m in (1) are power functions. Explain
why the functions n and p are also power functions.

(B) The domain of a power function depends on the power. Discuss the domain
of each of the following power functions:

s(x) = x* iy) = g*
1/s 1/5

r(x)=x*

1/4 -

u(x) = x~ v(x) =x w(x) = x~

The definition of the derivative and the four-step process introduced in t
preceding section can be used'to find the derivatives of many power functions. B
example, it can be shown that

I fix) =%, then  f'(x) = 2x.
It f(x) =2, then  f'(x) = 322
I -l =t then  f'(x) = 4x°.
If f(x)=4% then f'(x)=5x"

Notice the pattern in these derivatives. In each case, the power in f becomes
coefficient in £’ and the power in f' is 1 less than the power in £ In general, for
positive integer n,

Al R Fl8) = (

In fact, more advanced techniques can be used to show that (2) holds for any 1
number n. We will assume this general result for the remainder of the book.

then

POWER RULE

Explore & Discuss 2

If y = f(x) = x", where n is a real number, then
fr(x) = nxn—l

Also, y’ = nx"~! and dy/dx = nx""\.

(A) Write a verbal description of the power rule.

(B) If f(x) = x, what is f'(x)? Discuss how this derivative can be obtained
from the power rule.
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EXAMPLE 2

MATCHED PROBLEM 2 ]

Differentiating Power Functions
(A) If f(x) = x°, then f'(x) =5x"1=5x%
(B) Ity = x*, then y' =25x5"1=25x*
TR s dy A, SR = S
(C) If y =, 'then E——Br ——3!4—774.
S5 s 5)
(D) %xs,fs =268~ _ 2,238

3 3 B
Find‘
(A) f(x) for f(x)=x° (B)y for y=x¥
(©) % for y=172 (D) %xa/z

[EE———

In some cases, properties of exponents must be used to rewrite an expression
before the power rule is applied.

EXAMPLE 3

MATCHED PROBLEM 3 |

Differentiating Power Functions
(A) If f(x) = 1/x* we can write f(x) = x *and

Il

fi(x) = —4x*71 = —4x7, or __:.4
X
(B) If y = Vu. we can write y = '/ and
1 L, 1
v Loam-1 2 Lo
Wi - u = u . or
4 2 2Vu
() NN Sy Vi IR B L V) Joe R B,
()dx\.}/; dx” 3% 3% or A i

Find
W) F() for fR =5 @)y for y=V  (© g

m Constant Multiple Property
Let f(x) = ku(x), where k is a constant and u is differentiable at x. Then, using the
four-step process, we have the following:
Step 1. f(x + h) = ku(x + h)
Step 2. f(x + h) — f(x) = ku(x + h) — ku(x) = k[u(x + h) — u(x)]
flx +h) — f(x) _ Kklu(x + h) - u(x)] ’{u(x + h) - u(x)]

Step 3 h n .
x + h) =f(x
Stepd. f'(x) = Ilirr}]Hﬁ
_ % u(x + h) — u(x)] ; o
= Amk[ N hm kg(x) = k lim a(x)
otz B) = u(x)
= klim|———————| Definition of u'(x)

= ku'(x)
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THEOREM 3 CONSTANT MULTIPLE PROPERTY

Thus,

The derivative of a constant times a differentiable function is the constant times
the derivative of the function.

If y = f(x) = ku(x), then

f(x) = ku'(x)
Also,

MATCHED PROBLEM 4| Find

___________

?o1 dy ' 1 -

B) If y=—==¢, t L = 3P U=

(B i g gl K e PTHS OF

I y= 53 :lx_“ then y’i;-i_(——_él_x__;__;)i =-2x% or —&
gat . 22 b ol o] ’ x

d 04 do04 d T T i
D = 2 8 gutap {__ (-3/2)71}
L o, g en Anira L R el :

_________________

(A) f'(x) for f(x)=4x (B)% for

4 S d 09

(€) y for y= Y (D) PP

B Sum and Difference Properties
Let f(x) = u(x) + v(x), where u'(x) and v'(x) exist. Then, using the four-st
process, we have the following:
Stepl. f(x + h) = u(x + h) + v(x + h)
Step2. f(x + h) — f(x) = u(x + k) + v(x + h) — [u(x) + v(x)]
=u(x + h) — u(x) +v(x + h) — v(x)
flx + h) — f(x)  u(x+ h) —u(x) + v(x + h) — v(x)

Step 3. 3 = A
_u(x + h) — u(x) " v(x + h) — v(x)
B h h
Step4. f'(x) = }i%w
L u(x + h) —u(x) wv(x+h)- 'v(x)
it = h o h

Im{g(x) + h(x)] = lim g(x) + I h(x)

u(x + h) — u(x) Cov(x + h) - v(x)
i h . h
=u'(x) + v'(x)



THEOREM 4
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Thus,

The derivative of the sum of two differentiable functions is the sum of the
derivatives of the functions.

Similarly, we can show that

The derivative of the difference of two differentiable functions is the difference
of the derivatives of the functions.

Together, we then have the sum and difference property for differentiation:

SUM AND DIFFERENCE PROPERTY

Ify = f(x) = u(x) + v(x), then
f'(x) = u'(x) £ v'(x)

Also,

dy _du dv
dx - dx s dx
Note: This rule generalizes to the sum and difference of any given number of
functions. :

yr=ul:|:v:

With the preceding rule and the other rules stated previously, we will be able to
compute the derivatives of all polynomials and a variety of other functions.

EXAMPLE 5 |

MATCHED PROBLEM 5 ]

Differentiating Sums and Differences

_____________________________

____________________________________________

___________________________________________

(C) If y=Vw — 3w, then
g it gy Bnn_ g Lo
o (5 3) i e i
= -;-(—2){3 - 2(-4)x% + é-sz
10 8 1,

Find
(A) f'(x) for f(x)=3x"—-2*4+x>-5x+7
(B) y' for y=3-17x7?

dy
f — &ad
(C) 7 or y=5v Vo

d 3 4 x")
(D) dx(_a * x 8
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APPLICATIONS

] EXAMPLE 6

SOLUTION

‘MAT‘CHED PROBLEM. 6

SOLUTION

MATCHED PROBLEM 7 |

Answers to Matched-Problems

(B) f'(2)

Instantaneous Velocity An object moves along the y axis (marked in feet) S0
that its position at time x (in seconds) is -

f(x) = x* — 6x? + 9x
(A) Find the instantaneous velocity function v.

(B) Find the velocity at x = 2 and x = 5 seconds.
(C) Find the time(s) when the velocity is 0.

_______________________

(A) v fifx)i= (x ) - d‘—3x2—12x+9
= 3(2)% ~ 12(2) + 9 = —3 feet per second
b 3(5)? - 12(5) + 9 = 24 feet per second ‘
(C) v=f(x)=32-12x+9=0
' ; 3(x*—4x+3)=0
3(x -1)(x—=3)=0
x=173

Factor 3 out of each term.
Factor the quadratic term.
Use the zero properly.

Thus, v = 0atx = 1 and x = 3 seconds.

Repeat Example 6 for f(x) = x* — 15%* + 72x.

(A) Find f'(x).
(B) Find the equation of the tangent line at x = 1.
(C) Find the values of x where the tangent line is horizontal.

_____________________

LAY F(> 9= (0 = @) + oy
= 4x* — 12x
B)y-»n= m(x =)0 = ) =) = (1)* — 6(1)2+ 10 :
y—5=-8x—1) m=~F(x)=Ff)=401)°-1201)=-8&

y=—8x+13
(C) Since a horizontal line has 0 slope, we must solve f'(x) = 0 for x:
fi(x)=4x> = 12x =0

Tangent line at x = 1

Factor 4x out of each term.

4x(x2 =38]=0 Factor the difference of two sq
dx(x + \/g)(x~_ \/E) =10 Use the zero properly.
x=0,-V3V3

Repeat Example 7 for f(x) = x* — 8x° + 7.

1. Allare 0. ‘

2. (A) 6x° (B)30x® (C) -23=-2/# (D) 3x'? =R

3. (A) —x%or—1/x*  (B) 2u'Bor2/(3Ve)  (O) —Lx? or -1/(2VA)
4 (A) 20e* (B A3 - (C) —xtor=1/x* (D) —-03x",ar -03/¥a"
5.(A) 12 —6x2+2x— 5 - (B) 14x73, or 14/x°

(C) 150* — v ¥ or 1502 — 1/(4v¥*) (D) 3/(4x%) — (12/x*) — (x%/2)



cise 10-5

d the indicated derivatives in Problems 1-18.

' d
1 = P ik
(x) for f(x)=7 2. dx3
L for y=x’ 4. y' for y=2x5"
Ed;x3 » L 6. g'(x) for g(x)=2x
. iy
’ — x4 el 2 8
by’ for y=x 8. e for y=x
g'(x) for g(x)=x%
(=) for f(x)=x"
dy’ 1 ¢ 1
-_-‘E.for y=ﬁ 12. y' for y=x—£2
f!(x) for f(x)=5x
d
e _2 3
. 2r)
y for y=04x" 16. f'(x) for f(x) = 0.8x"
a(x dy x°
' dx<18>' g " s

roblems 1 9—24 refer to functions f and g that satisfy f'(2) = 3
ad g'(2) = —1. In each probtem, find h'(2) for the indicated
tion h. '

9. h(x) = 4f(x)

0. h(x) = Sg(x)

L h(x) = f(x) + g(x)

h(x) = g(x) — f(x)

h(x) = 2f(x) — 3g(x) +7

h

(x) = —4f(x) + Sg(x) — 9

Find the indicated derivatives in Prb_blem; 25-48.
.d 3
E (2x = 5)
d
o —(—4x +
.dx S5 9)

f'(e) if f(t)=22-3t+1
dy . : 5
. —— = 4 .

o if y=2+5 -8t

y' for y=5x%+ 9x7!
g'(x) if glx)y=5x"-2x"

3 %(suﬂ3 - 4u*?)

6. (A) v =3x*—30x + 72
(B) f(2) = 241t/s; f'(5) = =3 ft/s
(C) x = 4and x = 6seconds .
7. (A) f'(x) = 4x° — 24x7
(B) y = —20x + 20
(C) x=0andx =6

2
3.y if y=—3

Section 10-5 Basic Differentiation Properties 559

d 4.5
. —{(2u™~— 3.1u +13.

32, (2 = 3.1u +132)

33, h'(r) if h(t) =21+ 05t — 117

34. F'(r) if F(r) =026 - 3.1¢ + 132
5x*

36. w' if w = E,
5

u2
d (3x* 7)
3. dx( =L

: d (5% '2)
2 dx( 4 58/

39. G'(w) if G(w)= % +5Vw
wr’
40. H'(w)  if H(w) = ié - 2Vw
: w
a1 Liapn - sy
durEss,

d
2, — (834 + 4y
4 > (8u Ay

Y 3. a6
B0 i A=
| S gt
44. F(t) if F(t)zﬁ?_ﬁ
48, 3 I g e -
o :
46. w' if w=~&
u
47. —d—(ﬁ - 32x7%+ x)
dx\\/x
B Loy il )
. (287 - =+
48, dx(ZSx RV 7
For Problems 49-52, find
(A) f'(x)

(B) The slope of the graph of fat x-= 2 and x = 4

(C) The equations of the tangent lines at x = 2 and x = 4
(D) The value(s) of x where the tangent line is horizontal
49.)f(x) = 6x.— x* :

50. f(x) = 2x*+ 8x

51, f(x) =3x*—6x2 -7

52, f(x) =x*=32x*+ 10




